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XV.—On the Thermal Energy of Molecular Vortices. By W. J. MACQUORN

RANKINE, C.E., LL.D., F.R.SS. L. & E., &c.

(Read 31st May 1869.)

§ 1. Object of this Paper.—In a paper on the Mechanical Action of Heat,
which I sent to the Royal Society of Edinburgh in December 1849, and which
was read in February 1850, it was shown, that if sensible or thermometric heat
consists in the motion of molecular vortices supposed to be arranged in a par-
ticular way, and combined in a particular way with oscillatory movements, the
principles of thermodynamics, and various relations between heat and elasticity,
are arrived at by applying the laws of dynamics to that hypothesis.* The object
of the present paper is to show how the general equation of thermodynamics, and
other propositions, are deduced from the hypothesis of molecular vortices, when
freed from all special suppositions as to the figure and arrangement of the vor-
tices, and the properties of the matter that moves in them, and reduced to the
following form:—That thermometric heat consists in a motion of the particles of
bodies in circulating streams, with a velocity either constant or fluctuating periodi-
cally. This, of course, implies that the forces acting amongst those particles are
capable of transmitting that motion.

§ 2. Steady and Periodical Component Motions.—A vortex, in the most
general sense of the word, is a stream or current which circulates within a limited
space. Conceive a closed vessel of any figure and volume to be filled with
vortices, or circulating streams, the mean velocity of circulation in each such
stream being the same; and let the velocities of the moving particles be either
constant or periodic. How complex soever those motions may be, they may be
resolved into the following component motions;—a motion of steady circulation
with the uniform velocity already mentioned as the mean velocity; and a motion
consisting in periodical fluctuations of velocity. Those two component motions
may be called respectively the steady circulation and the disturbance.

§ 3. Mean Pressure due to Centrifugal Force.—Let an elementary circu-
lating stream—that is, a circulating stream of indefinitely small sectional area—
be supposed to flow round and round in an endless tube with the uniform velocity
w; let p denote the density of the stream; da the sectional area. Consider two
cross sections of the stream at which the directions of motion of the particles are

* Transactions of the Royal Society of Edinburgh, 1850, vol. xx.
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contrary; and consider what resultant forces are exerted by the stream on the
two parts into which those two cross sections divide the tube. The mass of
matter which flows through each cross section of the tube in an unit of time is

pivda ;

and in each unit of time a mass of matter of that amount has its velocity reversed.
The force required in order to produce that reversal of velocity is of the following
amount in absolute units,

2 pio2 da ;

and such is the amount of each of the pair of inward pressures which the tube
exerts on the stream, and of each of the pair of equal and opposite outward
pressures exerted by the stream on the tube, tending to pull it to pieces. It may
be called the centrifugal tension of an elementary stream.

The velocity of the particles flowing in the stream may undergo periodical
fluctuations, positive and negative alternately; these will cause periodical varia-
tions in the centrifugal tension; but the mean value of that tension will continue
to be that given by the formula.

The mean intensity of the centrifugal tension, in a direction tangential to the
stream, is found by dividing the amount given in the preceding expression
by the collective area, 2da, of the two cross sections, giving the following result,

pw2.

Suppose now that the stream is cut by an oblique sectional plane, making the
angle 6 with a transverse section. Then the area of that oblique section is
greater than that of a transverse section in the ratio of 1: cos 6 ; and the amount
of the component tension in a direction normal to the oblique section is less than
that of the total centrifugal tension in the ration of cos 9:1; whence it follows,
that the mean intensity of the component centrifugal tension in a direction
making an angle 6 with a tangent to the stream is

pvj2 cos2 8.

Next, suppose a vessel of any invariable volume and figure to be filled with
vortices or circulating streams, the velocity of steady circulation being iv, and the
mean density p. The centrifugal force will cause a pressure to be exerted in all
directions against the inside of the vessel. To determine the mean intensity of
that pressure, irrespectively of periodical variations, conceive the contents of the
vessel to be divided into two parts by an imaginary plane, and consider what
will be the mean intensity of the force with which the circulating streams tend
to drive asunder the portions of matter at the two sides of that plane. The

••I
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plane will cut the streams that flow across it, some normally, others obliquely ;
and the tangents to those streams will have all possible directions relatively to a
normal to the plane, subject to the condition, in the case of isotropic action,
that the mean value of cos2 0 must be the same for all positions of the plane.
But the sum of the mean values of cos2# for three planes at right angles to each

other must be = 1; therefore the mean value of cos2 6 is = „ ;* and finally, the

mean intensity of the centrifugal pressure is given in absolute units per unit ot
area, by the equation.

§ 4. Energy of Steady Circulation compared with Centrifugal Pressure.—
The actual energyf of the steady circulation in an unit of volume, is expressed
in absolute units of work, as follows:—

p~ (v\-
2 W>

which, being compared with equation (1), gives the following result:—
pi/r 2 pw2

p = V = 3 • 2 (3);

that is to say, the intensity of the centrifugal pressure on the unit of area is two-
thirds of the energy of the steady circulation in an unit of volume. This is one of
the propositions of the paper of 1849-50, p. 151, eq. v.; but it is now shown to be
true, not merely, as in the former paper, for molecular vortices arranged in a
particular way, but for molecular vortices arranged in any way whatsoever,
provided their action is isotropic, and their mean velocity uniform.

A similar proposition has been proved by WATEKSTON, CLAUSIUS, CLERK

MAXWELL, and others, for the pressure produced by the impulse of small particles
flying about in all directions within a closed vessel, and rebounding from its
sides.

§ 5. Vortices with Heterotropic Action.—It is conceivable that in solid bodies,
molecular vortices may be so arranged as to produce centrifugal pressures of
different intensities in different directions. In such cases, it is to be recollected
that the sum of the mean values of cos2 d for the obliquities of any set of lines to
any three planes at right angles to each other is = 1; whence it follows, that if
//, p", and p'" be the mean intensities of the centrifugal pressures in any three
orthogonal directions, we have

p' + p" + p" = pw2 (4);

* There is a well-known integration by which it is easily proved, that for a number of

directions equally distributed round a point, the mean value of cos2 8 is - .
o

f Called by THOMSON and TAIT the " Kinetic Energy."
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that is to say, the sum of the mean intensities of the three centrifugal pressures
in any three orthogonal directions is equal to twice the energy of the steady circula-
tion in an unit of volume. This proposition was not in the paper of 1 849-50,
which was confined to an isotropic arrangement of vortices.

§ 6. Energy of the Periodical Disturbances.—In the paper of 1849-50, p. 152,
equation x., the energy of the periodical disturbances was taken into account by
multiplying the energy of the steady circulation by a factor k greater than unity:
thus giving for the total energy in an unit of volume the following expression,

pv2

TT =

in which v2 denotes the mean of the squares of the resultant velocities of the
particles with their combined motions. The values of the factor k, being the
ratio which the total energy of the molecular motions bears to the energy of the
steady circulation, are to be deduced in each case from the results of experiments
on specific heat.

Thus the energy of the disturbances in an unit of volume is expressed by

It may now be observed, in addition, that the energy of the disturbances may,
and indeed must, be at times partly potential as well as actual; in other words,
partly due to displacement as well as to fluctuation of velocity.

Let ± u be the greatest fluctuation of velocity; then a particle of the mass

unity has the energy -~- due to that fluctuation, in addition to the energy due

to the steady circulation. It is only at the instants of greatest disturbance of
velocity that the energy is all actual: at every other instant the energy is partly
potential. Hence v2 = kw2 may be taken to denote, not the square of an actual
velocity common to all the particles, but the value to which the square of the
velocity of the particles would rise, if all the energy of the disturbances, actual
and potential, were expended in increasing the velocity of steady circulation.

§ 7. Total Energy of Thermal Motions.—The total energy of the motion, com-
pounded of steady circulation and periodical disturbances, in an unit of volume,
is expressed, as in the paper of 1849-50, by the following equation, which also
shows its relation to the centrifugal pressure,

kaiv2 3ft _.

in which (to recapitulate the notation) p is the mean density; w the velocity of
steady circulation; the centrifugal pressure p is expressed in absolute units of
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force on the unit of area; and the proportion k, in which the total energy of
thermal motions exceeds the energy of steady circulation, is a quantity whose
values and laws are left to be deduced from the results of experiment.

§8 . Determination of Centrifugal Pressures.—The external pressure exerted
by any substance, as we find it in nature, is a complex quantity, being com-
pounded of the centrifugal pressure already mentioned, and of forces which may
be classed together under the name of cohesion. To enable us to distinguish
those components of the total pressure from each other, we have the principle,
that the centrifugal pressure varies as the density simply; whereas pressure or
tension, or stress (to use a general term), arising from cohesive forces, must
vary as some function of the density of a higher order than the first power.

The perfectly gaseous state is an ideal state in which the substance exerts
no external pressure except that which varies as the density simply; that is,
centrifugal pressure. It is impossible to obtain a substance absolutely in the
state of perfect gas; but the cohesive stress diminishes with increase of tempera-
ture and diminution of density in such a manner, that it is possible, as is well
known, to obtain substances approaching very nearly to the perfectly gaseous
state, such as atmospheric air and various other gases; and the actual pressures
of such nearly perfect gases may be used, either as approximate values of the
pressures in the ideal state of perfect gas, or as data for calculating the latter
kind of pressures by the method of limits. We thus have the means of determin-
ing, to a close approximation, the centrifugal pressure of a given substance at a
given temperature and density; the well-known formula being

P = ^ • - (7);
p Pa To

in which T0 is the absolute temperature of melting ice; T the actual absolute

temperature; and — the value of the quotient - at the temperature of melting

ice, for the particular substance in question.
§ 9. Temperature and Specific Heat.—It is shown in the paper of 1849-50,

that temperature, according to the hypothesis of molecular vortices, is a function
of the quotient found by dividing the energy of the steady circulation in an unit of
mass by a constant depending on the nature of the substance; which constant
may be defined, as the value which the energy of steady circulation in an unit
of mass of the given substance assumes at a standard temperature, such as that
of melting ice. The energy of the steady circulation in an unit of mass is

w2 __ 3 p
~2 ~ 2 ' p '

whence it appears, that the principle stated as to absolute temperature is
VOL. XXV. PART II. 7 F
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expressed by equation (7), already given in § 8. The total energy of the thermal
motions in an unit of mass is expressed by dividing equation (6) of § 7 by the
density p; hence that quantity of energy (denoted for shortness by Q) is given
in terms of the absolute temperature by the following equation,

Jew2 _ 3fc p _ 3ft . Fo. L R

The real specific heat of a substance, as defined in the previous paper, when
expressed in units of work per degree, is

J C - dr ~ 2poro + 2poro dr • • • • W

in which c is the real specific heat, in terms of the minimum specific heat of liquid
water, and J, JOULE'S equivalent, or the dynamical value of the ordinary thermal
unit.

There is one part of the specific heat which is necessarily constant for a given
substance in all conditions; and that is the part wThich expresses the rate of
increase with the temperature, of the energy of the steady circulation alone in an
unit of mass, viz.,

dr\k

The part of the specific heat which depends on periodical disturbances is
expressed as follows:—

d f(fc
d r \ h j - 2ROTO

 + 2P OTO dr

It is only by experiment that it can be ascertained whether this part of the
specific heat is constant or variable. Experiment has proved that it is constant
for the perfectly gaseous state, and nearly, if not exactly constant, for other con-
ditions; but that its values for the same substance in the solid, liquid, and
gaseous conditions are often different.*

The apparent specific heat contains other terms, depending on the expenditure
of energy in performing external and internal work, according to principles of
thermodynamics which are now well known.

§ 10. Examples of the Proportion in which the Total Energy of the Thermal
Motions exceeds the Energy of the Steady Circulation.—In the perfectly gaseous

* According to the nomenclature used by CLAUSIUS, the phrase " real specific heat" is applied
to that part only of the specific heat which is necessarily constant for a given substance in all
conditions. Hence, if that nomenclature were adapted to the hypothesis of molecular vortices, the
term real specific heat would be applied to the coefficient given in equation (10) only, and that given
in equation (11) would be considered as part of the apparent specific heat.
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state, the coefficient given in equation (9) is the specific heat at constant volume;
and as that quantity is known to be constant at all temperatures, the second
term of the right hand side of the equation disappears, and it is reduced simply
to the following—

The specific heat, in dynamical units per degree, of a perfect gas under
constant pressure, is expressed as follows:—

and the ratio in which the latter coefficient is greater than the former is,
therefore,

whence we have the following formulae for deducing the proportion k, borne by
the total energy of the thermal motions to the energy of the steady circulation,

c'
from the ratio — as determined by experiment,

This method is applicable only to substances that are nearly in the perfectly
gaseous state.

There is another method, applicable to the same class of substances, which is
expressed as follows:—

This second method may be applied to liquids and solids also, under the follow-

ing conditions; the quantity — is to be calculated as for the perfectly gaseous

state; and the specific heat c must be nearly constant.
The ratio which the energy of periodical disturbances in an unit of volume

bears to the centrifugal pressure may be interesting in connection with hypo-
thetical views of the constitution of matter. It is expressed as follows:—



&
c

1-408
1-409
1-400
1-413
1-297

k

1-634
1-630
1-667
1-614
2242

0-951
0-945
1000
0-921
1-863
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The following are some examples of the results of calculations by for-
mulae (15) and (17):—

Substance,

Atmospheric air,
Nitrogen,
Oxygen, . . . .
Hydrogen,
Steam-gas,

§11. General Equation of Thermodynamics.—In the paper of 1849-50, pp.
158 to 164, the general equation of thermodynamics (equation 6 of that paper'
p. 161) is deduced from the hypothesis of molecular vortices, on the supposition
of a special form and arrangement of the vortices. In a subsequent paper, " On
the Centrifugal Theory of Elasticity," read to the Royal Society of Edinburgh in
December 1851 (" Transactions," vol. xx. pp. 433 to 436), the same general
equation (being equation 25 of the latter paper, p. 436) is deduced from the
hypothesis of molecular vortices, without any special supposition as to the form
and arrangement of the vortices, but with certain assumptions as to the laws of
the elasticity of the matter which moves in them. In a paper read to the British
Association in 1865, and published in the " Philosophical Magazine" for October
of that year, a further generalisation is effected; and it is shown that the general
equation of thermodynamics follows from the supposition, that sensible heat con-
sists in any kind of steady molecular motion within limited spaces, without any
assumption either as to the figures of vortices, or as to the special properties of
the matter that moves in them. The object of this section of the present paper
is to show how the same general equation is deducible from the hypothesis of
molecular vortices, as stated at the commencement of the paper; that is, freed
from all special suppositions except that of a steady circulation, combined with
periodical disturbances of speed, whose energy may bear any proportion, constant
or variable, to that of the steady circulation.

The forces by which an elementary circulating stream, whether flowing with
a steady or with a fluctuating speed, is kept in a given state of motion, and of a
definite figure and dimensions, are equivalent in their action to a tension exerted
at each cross-section of the stream, of an amount which, at a given cross-section,
and at a given instant, is expressed in absolute units of force by the product of
the mass which flows along the stream in a second into the velocity of flow at
that cross-section and instant. The mean value of the tension is the product of
the same mass into the mean velocity; that is, into the velocity of steady circu-
lation. Hence the mean centrifugal tension, as this force may be called, is pro-
portional to the square of the velocity of steady circulation, and therefore to the
absolute temperature; and the work done by the forces to which the virtual
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tension is equivalent, during a change of the figure and dimensions of all the
elementary circulating streams in a given body, may therefore be expressed by
multiplying the absolute temperature by the change in the value of a function,
to be afterwards determined, of the dimensions, figure, and temperature. If to
that function be added a function which is the integral of the increment of the
energy of steady circulation divided by the absolute temperature, the sum is
what I have elsewhere called the thermodynamic function. Let it be denoted by
</>; and let d Q denote the quantity of energy which must be communicated to
the body; in order to produce the increment d. <f> in the therm odynamic function
at the mean absolute temperature T ; then we have

dQ = rd.<f> (18);

and this, when the proper value has been assigned to the thermodynamic
function, is the general equation of thermodynamics. The process of finding the
value of the thermodynamic function is well known; but a summary of it will
be given here for the sake of completeness:—

Let dx, dy, dz, &c, denote changes in the dimensions of unity of mass of the
body, of the nature of strain, such as dilatations and distortions; and let
X, Y, Z, &c, denote the forces, of the nature of elastic stress, which the body exerts
in the respective directions of such changes; so that while the thermodynamic
function undergoes the change d(f>, the external work done by unity of mass of
the body is

Xdx + Ydy + Zdz + &c;

Then, by the principle of the conservation of energy, it is necessary that the
following expression should be a complete differential:—

rd<f> — Xdx — <fec;

whence it follows, that the thermodynamic function <f> is the integral of the
following set of partial differential equations: *

dp _ dX dtp _ dY df _ dZ
dx ~~ dr•'' dy ~ dT ' ~dz ~ dr '

that is to say, the thermodynamic function has the following value:—

. CdX CdY , 0

V = *P(T)+J -fc dx +J -fa dy + &c.;

in which all the integrals are taken at constant temperature.
For a perfect gas at constant volume, we have dQ - Jc dr, in which Jc is the

* See Philos. Mag. for December 1865.
VOL. XXV. PART II. 7 Q
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dynamical value of the specific heat of the gas at constant volume; and conse-
quently, i|/ (T) = Jc hyp. log. T ; and the same is the value for any substance
which, at the temperature r, is capable of approaching indefinitely near to the
perfectly gaseous condition. There is some reason for believing that all substances
may have that property;* but to provide for the possibility, pointed out by
CLAUSIUS ("POGGENDORFF'S Annalen," vol. xcvi. p. 73), of the existence of substances
which at certain temperatures are incapable of approaching indefinitely near to
the perfectly gaseous condition, we may make (as that author does),

f(r) = Jc hyp. log. T - X (T) ;

where x (T) *s a function of the temperature, which becomes = 0 at all tempe-

ratures at which an indefinitely close approximation to the perfectly gaseous

state is possible; thus giving, for the complete value of the thermodynamic

function,

!fo dX + J ~&rdy+ &C" " ^19)'

That expression may be abbreviated as follows:—Let U be the potential energy
of the elastic stress of unity of mass of the body at constant temperature; then

f = Jc hyp. log. T + % ( T ) + -dr . . . (20);

and the corresponding form of the general equation of thermodynamics is as
follows:—

dQ= {Jc + Tx{r)}dT + rd . ~ . . . (21).

§ 12. Conclusion.—In conclusion, then, it appears that the special supposi-
tions as to matters of detail, introduced into the hypothesis of molecular vortices
in the paper of 1849-50, are not essential to the deduction from that hypothesis
of the principles of thermodynamics, but that such matters of detail may be left
open to be determined by future investigations.

* See Phil. Mag. December 1865.




